Formiga, J. K. S.; Moraes, R. V. Orbital characteristics of artificial satellites in...

ORBITAL CHARACTERISTICS OF ARTIFICIAL SATELLITES IN RESONANCE
AND THE CORRESPONDENT GEOPOTENCIAL COEFFICIENTS

Jorge Kennety. S. Formiga

Space Mechanics and Control Division — DMC - National Institute for Space Research — INPE;
Avenida dos Astronautas, 1758 — P.O. Box 515; 12201-940 - Sao José dos Campos, S.P., Brazil
jkennety@dem.inpe.br

Rodolpho Vilhena de Moraes

The State Sao Paulo University — UNESP; Avenida Ariberto P. Da Cunha, 333 — P.O. Box 205;
125116-410 - Guaratingueta, S.P., Brazil
rodolpho@feg.unesp.br

Abstract: the purpose of this work is to present the orbital eccentricities and inclinations characteristics for
some real artificial satellites, some of them already inactive, whose mean motions are commensurable with the
Earth’s rotation period. The correspondent geopotential coefficients for each considered resonance are also
presented.

1 Introduction

The influence of resonances in the translational and the rotational motion of artificial satellite has been studied
covering several aspects such as:

a) considering commensurabilities of the satellite’s orbital motion with the planet’s rotational motion (see, for
instance, including internal cited references, Gedeon et al., 1967; Sochilina, 1982; Grosso, 1980; Ely and
Howell, 1996; Lima Jr., 2000; Klokocnik et al., 2003);

b) considering critical inclination (Allan, 1965; Gedeon, 1969; Delhaise and Henrard, 1991);

¢) considering lunisolar perturbations (Cook, 1962; Hughes 1980; Breiter, 2001; Lima Jr et al, 2001; Deleflic et
al. 2005),

d) including sun-syncronous orbits (Hough, 1981);

e) considering solar radiation pressure (Polyakova, 1963; Ferraz-Mello, 1979; Vilhena de Moraes, 1979; El-
Saftawi, 2004);

f) considering spin-orbit coupling (Beletskii, 1975; Hamill and Blitzer, 1974; Vilhena de Moraes and Silva,
1990);

g) considering frequencies related with the rotational motion (Hitzl and Breakwell, 1970; Modi and Pand, 1975),
and including vibrations of some parts of the satellites (Pringle, 1973; Cochran and Holloway, 1980).

The resonance considered here is the commensurability between n, the satellite’s mean motion, and O, the

mean angular rate of rotation of the Earth, that is,
pn—qo; =0
where p and q are integers .

Of course, due to the non-uniform distribution of the Earth’s mass, it must be also considered the precession of
the angular keplerian elements.

The long period behaviour of the orbital elements, considering perturbations due to this resonance, is distinct for
each pair (p,q) and for satellites in orbits of small or great eccentricities and or inclinations (Formiga, 2005). In
this work, it is exhibited several actual examples of such satellites. The knowledge of real cases is important for
the construction of theories with orbital maintenance or surveillance purposes when resonance is taking into
account. Since the magnitude of the orbital perturbations due to a resonance depends on the harmonic
coefficients, it is also presented here, for each considered resonance, the corresponding main harmonics
coefficients.
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2 Geopotential

The amplitudes of terms that produce the resonance are functions of the geopotential coefficients. The
considered potential here is (Osoério, 1973):

14

o L/ 0 C
U=2"+ ZZZ z ﬁ(a_e] 3 Fump OH 2P (@) cos 90 (M, 0,2, ©) (1)
28 S pog— 2\ 8
where:
D impq (M , 0,0, ®) = qM +(f—2p)0)+ m(Q—@—ﬂ,ém)—k(f_m)% )

Here a, e, I, M, ®,€2 are the keplerian elements, ® = a)Et , J.  are coefficients depending on the Earth’s mass

Im
distribution, >"lm is the longitude of the semi-major axis of symmetry for the harmonic (ILm); Fyy, (1)

represents the inclination functions. Since small and high eccentricities are considered, the Hansen’s coefficients
—(I-p),(1-2p)
H, (e) are used.

3 The satellites considered

The satellites considered in this paper were selected from a sample of 1818 satellites, chosen at random,
extracted from the NORAD 2-line elements (CELESTRACK), whose orbital periods Ts satisfies the inequality

|pTs —qTg| < 3min (3)

where T is the Earth period of rotation.

The survey was taken from objects that are in orbit since the first release in 1957, some of them already inactive.
From the selected sample, 1571 are close to a deep resonance.

In Table 1 we can find the number of satellites of the sample that are orbiting in a given resonance, as well as
some orbital characteristics of the satellites in resonance, in agreement with its inclination (i) and eccentricity

().

Table 1. Number of satellites in a given resonance.

resonance | Number resonance | Number resonance Number
of of of
satellites satellites satellites
1:1 10:1 14:1
e<0,1 e i<5° 330 e<0,1 e 5°<i<55° 2 e<0,1 e i<5° 9
e<0,1 e 5°<i<55° 51 e>0,1 e 5°<i<55° 1 e<0,1 e i>70° 528
e>0,1 e 5°<i<55° 1 11:1 e<0,1 e 5°<i<70° 36
e>0,1 e 55°<i<70 6 e<0,1 e 55°<i<70° 1 15:1
2:1 e>0,1 e i>70° 3 e<0,1 e i<5° 1
e<0,1 e 55°<i<70° 16 e>0,1 e 5°<i<55° 2 e<0,1 e i>70° 290
e<0,1 e 5°<i<55° 14 12:1 e<0,1 e 5°<i<70° 41
e>0,1 e 5°<i<70° 25 e<0,1 e i>70° 22 e<0,1 e 5°<i<55° 26
8:1 e<0,1 e 5°<i<55° 3 16:1
e<0,1 e i>70° | 3 e>0,1 e i>=70° 9 e<0,1 e i<5° 1
9:1 e>0,1 e 5°<i<55° 5 e<0,1 e i>70° 29
e<0,1 e i>70° 1 13:1 e<0,1 e 5°<i<70° 8
e<0,1 e 5°<i<55° 1 e<0,1 e i<5° 2 e<0,1 e 5°<i<55° 22
e>0,1 e 5°<i<55° 2 e<0,1 e i>70° 22 13:2
17:8 o e<0,1 e 5°<i<55° 2
e<0,1 ¢ 5°<i<70° | 11 e<0,1 e 55°<i1<70 22 e<0,1 ¢ 5°<i<55°| 2
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4 Zonal and tesserals

The following main geopotential coefficients that are related with the corresponding resonance are explicitly
given as follow:

Resonance 1:1

2
—%{Jm(%j [H2(e)F,,,()sen(M —@ + 20+ Q— 4,,) +

H > @F,  (Dsen(M ~©+Q -4, )+
H 2 (e)F,,,()sen(M -0 - 20+ Q- 4, )]+

3
a -
J 3,1 [Zej [H 174’3 (e) F3,1,o (')COS(M —0+30+Q- /13’1) *
H* (@)F,, ()cos(M —@+w+Q—1,,)+
H 174,7l (e) F3,1,2 (|) COS(M -0-0+Q- /13,1 ) +
H 7 (@F,5()cos(M -0 =30+ Q- 2, )]}
Resonance 2:1
M ae ’ =32 H
“a {Jz,z[zj [H(®)F;, (Dcos(M + 20+ 2(Q -0~ 2,,)) +
H 7 (€)F,,, (Dcos(M +2(Q -0~ 1,,)) +
H 2 @F, (D cos(M —20+2(Q -0 - 2, )] +
3
3ss (a?j [H " @F, 0 (sen(M +30 +2(Q-0 - 4,,)) +
H ' (@)F,,, (hsen(M + 0 +2(Q-0 - 4,,))+
H ™ (@)F,,,()sen(M —0+2(Q -0~ 4, ) +
H 7 (@)F,,; (sen(M =30 +2(Q- 0 - 4,,)]}
Resonance 3:1
3
S (a?) [H ™ (©)Fy 50 (Deos(M +30 +3(Q -0 - 4,)) +
H @), ()os(M +@+3(Q-0 - 4,,) +
H " (e)Fy,, () cos(M —@ +3(Q -0 —4,,)) +
H' 7 (@)F, ;5 () cos(M =30 +3(Q -0 - 4,,))]+
4
Jia (%j [H " @)F 5 ()sen(M +40 +3(Q-0-14,,))+

H ™2 (e) Fiaisen(M +20+3(Q-0-1,,))+
H > (e)F,,,()sen(M +3(Q-0-1,,)) +
H 2 @F a ()sen(M —20+3(Q-0 - 2,)))
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Resonance 1:2

2
Y (a_j [H>*@®F,,(H)sen(2M +20+Q -0 -4, )+
. 2.1 a 1 2,1,0 >

H 1_3’0 e) F2,1,1 ()sen(2M +Q-0O - 22’1) +
H 2 ()F,,, ()5en2M 20+ Q-0 - 4, )] +

3

ng[ij [H ™ (@)F, ()cos@M +30+ Q-0 -4, ) +
i3 a e 7

H " (e)F;,, (i)cosCM + o+ Q-0 -1,,) +

H“ ' (e)F,,,(1)cos@M —0 + Q-0 - 4,,) +

Hi* 7 (@F 5 ()cos(2M ~30+ Q-0 - 4, )]}
Resonance 8:1

9
g{a s (%] [H % (€)F, 4 o (i) sen(M + 90 + 8(Q - © — 4, )

H, 7 (e)F, 4, () sen(M + 70 +8(Q2— 0O — A,,)) —
H %% (@)F, 4, (i)sen(M +50 +8(Q -0 — 4, ) -
H 1% (@)F, 4, () sen(M +30 +8(Q -0 - 4,,)) -
H ' (e)Fy ., (i) sen(M + 0+ 8(Q -0 — A,,)) —

H; 7 @)F s (Dsen(M — 0+ 8(Q -0 - 2,,)) -
H, 7 @)F, 5 (Dsen(M — 30 +8(Q -0 - 4, )] +

10
a _ .
J 10,8( ae J [H, 1o Q) F10,8,o(|) cos(M +10w +8(Q2- 0O - /110,8 ) —

H, ' @)F 5, (Dcos(M +80 +8(Q -0~ 4,,,)) -
HL 1 (€)Fiu5()c05(M + 60 +8(Q- 0= 1y,)) -
H{ " ©)F g3 ()00S(M + 40+ 8(Q =0 = ) -
H, %2 (€)Fyq 54 (1)cOS(M + 200+ 8(Q - © — 2, ) -
HE (€)F 0 (D00s(M +8(Q =0 7y,) -

H, "2 (€)F 56 (1)00S(M — 200 + 8(Q — O — 4,0, )]}
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Resonance 9:1

9
ﬁJg{Ej [H '’ (@)F,,,()cos(M +90 +9(Q-0 - 1,,)) +
a "\ a w '

H' (@)F, 0, (1) cos(M +7+9(Q -0 - 4,,)) +
H "% (@)F, 5, (1) cos(M + 50 + H(Q— 0O — 4,,)) +
H, % (€)F, o 5())cos(M +30+9(Q - O 4,,)) +
H " (e) Foos()cos(M + 0 +9(Q-0—1,,)) +

H ' (e)F,55()cos(M —0+9(Q -0 - 4,,)) +
H "% (e) Foos()cos(M =30 +9(Q -0 - 4,,)) +
H, " (€)F, 5, (D) cos(M — 50+ 9(Q - O - 4,)) +
H, "7 (e) Foos(i)cos(M —70+9(Q-0 - 4,,)) +
H, 7 (e)F, 44 () cos(M =90+ 9(Q -0 — 4,,))]

Resonance 10:1

10
a, . .
g‘] 10,10(;} [-H, 11 e I:10,10,0 (Hcos(M +10w +10(Q2-0© — 110,10)) +

H " @)F 10, (1) cos(M +80 +10(Q =0 = 4,,,)) +
H 1 (8)Fi 10 () cOS(M + 60+ 10(Q -0 — 2, ,,)) +
H ™ (€)F 0105 (1) coS(M + 4@ +10(Q -0 — 4,,,,)) +
H, " (€)F 0104 (1) cos(M + 2 +10(Q =0 — 4,,)) +
H, " (@)F g 505 () c0s(M +10(Q =0 = 4, 4)) +
H,™7 (©)Fig.0,6 () cOSM = 20 +10(Q2 = © = ) +
HL 1 @)F 10, () cOS(M — 40 +10(Q= 0~ g ) +
HL1 @)F .10, c0S(M =60+ 10(Q— @ = ) +
H ! (@)Fig 00 (1) c0S(M — 80 +10(Q -0 = 4,,,)) +
H (@) Fyg10.40 (1) cos(M =100 +10(Q = © = 214 1))]
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Resonance 11:1
/J a 11
EJII’”(?) [H " (e)F,, ,()cos(M +11lo +11(Q-0—-1,,,)) +

H12 @)F, 10D cos(M +90 +11(Q =0~ 2,,,,) +
H > (@)F, 1, ()cos(M + 70 +11(Q -0 - 4,,,)) +
H 5 (@)F,,()cos(M + 50+ 11(Q-0 - 4,,,) +
H, " ©)F 1, ()cos(M +30 +1(Q =0 = 4,,,,)) +
H > @)F, 5 (D cos(M + @ +11(Q -0 - ) +

H 7' (e)F,, s cos(M —0+11(Q-0—4,,,,)) +
H2 2 (@)F,,,,, () eos(M =30 +11(Q -0 - 4,,,,)) +
H 27 (©@)F,, 15 (1) cos(M =50 +11(Q -0 = 4,,,)) +
H 7 (@)F,,5 () cos(M =70 +11(Q -0 - 4,,,,)) +
H "> (@)F, 0 () cos(M =90 +11(Q -0 —4,,,)) +
H "> (©)F,,, () cos(M —11o +11(Q -0 - 4, ,,))]

Resonance 12:1
a2
g‘] 12,12 (;ej [H 1713’12 Q) F12,12,o (i)cos(M +120 +12(Q -0 - 2'12,12 )+

H P (@)F 1, (D cos(M +100 +12(Q -0~ 4, ,)) +
H " (€)Fpy 5, (1) cos(M +80+12(Q -0 = 4,,,,)) +
H, ™ (€)Fiy 0 (D cos(M + 60 +12(Q =0 — 4, ,)) +
H (@), 4 () cos(M + 40 +12(Q -0 — 4, ,)) +
H, ™ (€)Fy 05 (D cos(M +20 +12(Q2 -0 = 4,,) +
H 0 (@)F 06 (1) cos(M +12(Q -0 = A, ,)) +

H 2 (e)F, 1, () cos(M =20 +12(Q-0 - 4,,,,)) +
H, 5 @) F 05 (D cos(M 40 +12(Q -0 — 4, ,) +
H 1 @)F 120 () c0S(M =60 +12(Q= 0~ 41,,)) +
H (8)F 51500 (D) cos(M =80 +12(Q -0 — 4, ,)) +
H (), () cos(M =100 +12(Q-0 - 4, ,,))]
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13
a, . :
g\] m{;j [H, " (e) Fiaso(ecos(M +130 +13(Q -0 - 4;;55)) +

H, """ (@)F; 15, (1)) cos(M + 110 +13(Q -0 — 4, ;) +
H. % (@)F s 155 () cos(M +90 +13(Q -0 = 4, ;) +
H ™7 (e) Fiis;()cos(M + 70 +13(Q—-0 —45,5)) +
H M (€)F 354 (D cos(M + 50 +13(Q -0 = 4, 1)) +
H ™ (@)F 155 () c0s(M +30+13(Q -0~ 23,,) +
H ™ (@)F; 156 cos(M + 0 +13(Q -0 - 15 ;) +

H ' (e) Fiss@)cos(M —o+13(Q-0-14,;,,)) +
H 1*14,*3 (@)F;;55()cos(M =30 +13(Q-0-4,;,;)) +
H ™7 (@)F,;,5, (1) cos(M =50 +13(Q -0 - 4,,,,)) +
H ™7 (e) Fis)cos(M =70 +13( Q-0 -4, ;) +
H ™™ (e) Fis00 () cos(M =90 +13(Q-0 -1, ;)]

Resonance 15:1

15
a, . .
g‘] 15,15( a ] [H, 1ol € Fls,ls,o(l)COS(M +150 +15(Q -0 - 115,15 ) +

H " (@)F 5,5, (D sen(M +130 +15(Q -0 — 45,5)) +
H, ' (€)F,s,s, (D) sen(M +110+15(Q - © = ;) +
H ' (@)F 5,55 (D sen(M + 90 +15(Q -0 — 4,5 5)) +
H' (€)Fs 154 ()sen(M + 70 +15(Q - © = Ay ) +
H/ ' @)Fg 155 (Dsen(M + 5 +15(Q =0 — Ayg,)) +
H ' (€)F 556 (Dsen(M +30 +15(Q 0 = 45 5)) +
H ' (e)Fys,s, (Dsen(M + @ +15(Q -0 — 4, ,5)) +

H ' (@)F s s () sen(M —o +15(Q -0 — 4;5,5)) +
HL1 @)F 150 (D sen(M =30 +15(Q- 0= 2,3,)) +
H 7 (@) Fis15,0 (Dsen(M — 50 +15(Q— 0 — A;5,5)) +
H "7 (e)F 55, (Dsen(M = 70 +15(Q -0 — A5 5))]
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Resonance 13:2

15
a, ) .
—%le(—a ) [H;' @)F 5, () cos@M —170 =13 Q-0 - 4,5,,)) +

H;'*P (@)Fs.5, () cos2M —170 —13(Q -0 - 4 ,)) +
H;' " (@)F5 15, () cos(2M =170 —13(Q - © = 2,5 ,)) +
H;'* (€)F 5,54 () cos@M —170 = 13(Q - O = A5,,)) +
H;' 7 (€)F5,5, () cos2M =170 —13(Q— 0O — 4,5,,)) +
;' (€)F 5,55 () cos@M — 170 =13(Q - O = A,5,,)) +
H;'? (e)F 5156 ())cosCM =170 - 13(Q -0 - 1,5,,)) +
H;' (€)F,s 5, () cos2M — 170 ~13(Q-© - 4, ) +
H;' " (€)Fis1 (1) cOS2M — 170 —13(Q - @ — 4,5 ) +
H;'7 (€)Fys 150 () cOS2M — 170~ 13(Q - © - 4,5,,)) +
H3' " (€)Fis 110 (1) cOSC2M 170 —13(Q - O — 4,5 ;) +
H;'7 (€)Fs,5,, () cos2M — 170 ~13(Q -0 - 4, ;) +
H3' ()F5 151 () cos2M =170 = 13(Q - © — 45,,)) +
H' % (€)F 51515 (1) coS2M — 170 —13(Q - O - A,5,,)) +
H;' 7 (@)F,s 15,4 (1) c0S2M —170 - 13(Q - © = Ay;,)) +
H;' (€)F s 15,5 (1) c0S2M — 170~ 13(Q — © — A, )]
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Resonance 17:8

7
fJ(a?] [H ™ @Fir10 (D c0SEM ~170-17(Q =0 = 2 ;) +
H ™5 (@)F,;,7, () cos(8M +150 +17(Q -0 = 2, ,,)) +

Hy ™ ©)F,7.1 2 () cosBM +130 ~17(Q =0~ 4, ;) +

H ™ (@)F,;,,5 () cos(8M +110 +17(Q -0 - 4,,,,)) +

Hi"™ (©)F 574 () cos(8M +90 —17(Q -0 = 4,, ;) +

H"™ (©)F 5175 (DcosEM + 70 +17(Q = O~ 4;,7)) +

H ' (@)F; 176 (1)cosBM +50 -17(Q -0 - 4, ,)) +

Hy ™ @)F 1, ()cos8M +30 +17(Q =0~ 4;,,) +

H ™ (@)F,;,,5(1)cos@BM + 0 —17(Q-0 -1, ,,)) +

H'* ' (@)F ;175 () cosBM = +17(Q -0 - 4,;,,)) +

L @0F () coS(EM 301702 -0 2, )+

H, "™ (e) Firin (D cos@M =50 -17(Q -0 -4, ,))

H "7 (e)F,; 7., ()) cos@M =T +17(Q-0O - 4,, ;) +

H % (@)F,, ;15 (1) cosM =90 —17(Q -0 - 4, ,)) +

H'" " (@)F,; 17,4 () cos(8M —110 +17(Q -0 — 4,,,)) +

He'" 2 (€)F,,.1.5 () cos8M —130 —17(Q -0 — 2,,,,)) +

He'® " (0)F,; 5.6 () cos(8M =150 +17(Q -0 — 4,, ,))]

5 Conclusions

The orbital characteristics and geopotential coefficients for some artificial satellites orbiting in resonance were
presented. This can be useful for the study of the influences of the eccentricity and inclination in the orbital
perturbations due to resonances.
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